Math 221 Laplace Transform Key Spring 2023

Part 0: The Laplace Transform

Definition 0.1. Given a function f(t) defined in the interval [0, co), the Laplace transform
of fis

CLFD}(s) = / " Ft)e .

Example 0.1. Given f(t) =1,

C{FHHs) = / T lestd = Lot

Example 0.2. Given f(t) =t,

Choosing
u=t dv = e *dt
1
du = dt v=——e
s

and using integration by parts [udv = uv — [vdu, we get

t > 1 1 RO |
— e +/ —e !t = [0 — 0] — —26*“ =
s 0 0 S s 0 s
Example 0.3. Given f(t) = e,
- at —st OO (a—s)t 1 (a—s)t >
L{f()}(s) = etedt = e dt = ——e
0 0 a—Ss 0
. (a—s)t oo ifa>s
Note that lim e = ) , so the Laplace transform can only be defined on the
t—o0 0 ifa<s
domain a < s, or (a, 00).
Continuing in the case a < s,
1 * 1 1
6(a—s)t —0— _
a—s 0 a—s S—a

Part 1: The Chart
Here is a table of common Laplace transforms:
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@) L{f@)}(s)
1
1 _
S
n n!
t Sn—i—l
1
eat
S—a
S
COS(kt) m
) k
Sln(l{?t) m
S
COSh(l’Ct) m
) k
Slnh(k’t) m
el + et et —et

Note that cosh(t) = and sinh(t) =

Part 2: Linearity and Inverse Laplace Transforms
Also note that the Laplace transform acts linearly on its inputs: meaning that if we have
functions f(t) and g(t) and constants a and b, then

L{af(t) +bg(t)} = al{f(t)} + bL{g(t)}.
Example 2.1.

L {34 56>+ " —8cos(10t) } = 3L{1} = 5L{t*} + L{t"} — 8L{cos(10t)}
3 10 17 s

SR AUEL LY W
S s3+38 s2 4100

Example 2.2.

11 6v3 15 90
u_.v + =
s $2+3 s+4 st

c {11 — Gsin(v/3t) + 15e 7% + 15t3} —

The inverse Laplace transform also acts linearly: so given functions F(s) and G(s) and
constants a and b,

L HaF(s) +bG(s)} = aL H{F(s)} + bL{G(s)}.

2
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To calculate inverse Laplace transforms, we will largely rely on The Chart in addition to
rules like linearity instead of having an explicit formula.

F(s)

L7HF(9)}1)

[V

tnfl
(n—1)!

at

52+ k2

cos(kt)

52 + k2

sin(kt)
k

s2 — k2

cosh(kt)

sinh(kt)

s2 — k2

k

Example 2.3.

-1 1 -1
- 1
£ {52+9 0L S2+11

t
=SB 0 cos(VITH + 8 — 15t

Example 2.4.

=5—+ - =+ —cos(bt) +

L1

52+9 52+11 50
}+8£ {} 150~ {12}
S

3

5 1 7s 15
—5+6—+ +

4s? +100  2s — 100

1 5 15 .4 1
+3F {52+25}+2£ {5—50}

o1 7 15 sor

4 6 5 4 2°
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Part 3: The First Translation Theorem

Theorem 3.1. Given L{f(t)}(s) = F(s) and a is a contstant, then
L{ef(t)} = F(s —a).

To put this another way,

LHF(s—a)} =e"f(t).

3!
Example 3.1. If we take £{e”'t°} and ignore the e”, we have £{t’}, which is —. Now
s
3!

(s =5)

Example 3.2. If we look at £{e™% cos(7t)} and ignore the e~ we are left with £{cos(7t)},

using that e® to shift the result by 5, we get 7 s our answer.

2
which is 2 j TR Now using the e=2 to shift the result by —2, we get Mﬁ as our
answer.
Example 3.3. If we look at £7* 9 we can first ignore the shift by 10 and
pie 2.9 (s+10)2+4]’ & Y

9

s2 +

9
look at £ { 4}. From the chart, we can see that this is 2 sin(2t). Now to compensate

9
for the shift by 10, we need to multiply our result by e '% to get 56’1(” sin(2t).

Os

(s+10)%2+4
by 10 because the numerator is just 9s, which does not have the shift of 10. We need to
rewrite the numerator in terms of s + 10. That is, we need to find a number A such that
9s = 9(s + 10) + A. Solving for A yields A = —90, so we must alter our expression to

-1 9(s +10) — 90 _ o 9(s + 10) o 90
(s +10)2+4 (s +10)2+4 (s+10)2+4 /"
Now we can ignore the shift by 10 in the function and solve for

9s 90 90
-1 _ et _ _ N
L {32 n 4} L {32 n 4} 9 cos(2t) 5 sin(2t).

Finally, we need to adjust our result to compensate for the shift by 10: we do this by
multiplying our result by e '%. So we will end up getting e 1%(9 cos(2t) — 45 sin(2t)).

Example 3.4. Now let’s look at £~ { } Now we can’t just ignore the shift

Part 4: Partial Fractions and Completing the Square

s
Given polynomials f(s) and ¢g(s), we can rewrite the rational function Js) as a sum

g(s)

of simpler fractions based on the factors of the denominator g(s). This will be useful in
computing inverse Laplace transforms.
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25+5
Example 4.1. Given F(s) = j i 7> We can see the denominator factors as (s +1)(s —1).
S —

So we can begin rewriting F' as

25+5 A B
32—1_5—1—1+3—17
and so
25+5 A(s —1) N B(s+1) :A(s—1)+B(s+1)
s2—1 (s+1)(s—1) (s—=1)(s+1) s?2—1
and thus

2s+5=A(s—1)+ B(s+1).

There are two ways of solving for A and B. One way is to get a system of equations:

2s+5=As— A+ Bs+ B=(A+ B)s+ (—A+ B)

and so
2=A+B
b=—-A+B.
Solving this system of equations gives A = —% and B = %

Another way to find A and B is to plug in values for s in the equation
25 +5 = A(s — 1) + B(s + 1) that cause either the A term or B term to disappear: when
s =1, we have 7= 2B and so B = I, and when s = —1 we get 3 = A(—2) and so A = —3.
So we can rewrite the function as follows:

23+5_ 3 7

21 2@+1)+2@_1y

We can use this to calculate L71{F(s)}.

25+ 5 3 1 7 1 3, 7
_1 2 ! — _ Tt St
£ {32—1}“ 2k {3+&}_F2£ {5—1} ¢ T

Note: for this one you can also use

25+ 5 s 1
-1 _op-1 -1 _ :
L {82_1}—2£ {52 1}+5£ {52 1}—2cosh(t)+5s1nh(t),

1
Example 4.2. Given F(s) = L, we can factor the denominator as
st + 553 4 652
s*(s? 4+ 5s + 6) = s*(s + 2)(s + 3), so we can set up the partial fraction decomposition

s+1 A B C D

— =T +
st + 553 + 652 s s s+2 s+3
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We then get
s+ 1= As(s+2)(s+3)+ B(s+2)(s+3) + Os*(s + 3) + Ds*(s + 2).

Plugging in s = 0, we get 1 = 68 and so B = %. Plugging in s = —2, we get —1 = 4C, so
C= —%. Plugging in s = —3, we get —2 = —9D,s0 D = %.
To solve for A, we must expand the equation to

1 5 1 3 2 4
S—|—1:A83+5A82+6A8+682+68+1—183—ZS2+583+§S2_

By grouping up all the s® terms on both sides, we get

1 2
0s® = As® — 1_153 + 553,

and so 0 = A — }L + %, so A = %. We can also get this by grouping up the s? and s terms
instead: we would get 0s? = 5As% + %82 — 382 + ‘5132 and s = 6As + %s, respectively.

So we can finish the partial fraction decomposition as

s+1 1 1 1 2

st 4 553 + 652 =365 65 4(s+2)+9(s—|—3)'

We can use this to calculate L7{F(s)}.
+1 1 1 1 1 1 1
ﬁfl S— — _‘Cfl - _‘Cfl s - _Lfl
{54+553+632} 36 {s}+6 {32} i {5+2}+

We can also use the method of completing the square in the case there’s an irreducible
polynomial in the denominator. Recall that the completing the square method rewrites the

b\? b?
polynomial s% + bs + ¢ as <s + 5) +c——.

4

3s+1

52 —10s + 34’
3s+1

s2 —10s+ 34

Example 4.3. Given F(s) = notice that the denominator is irreducible over

the reals. So in order to compute £~ { }, we will need to complete the square:

s —10s+34=(s—5)2+34—-25=(s—5)*+0.

3s+1
Now we have £} { il 5 }, which will require the First Translation Theorem. First

(s —5)% +
we need to rewrite the numerator in terms of s —5: 3s 4+ 1 = 3(s — 5) + 16. Now we can

solve
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by first ignoring the shift by 5 and looking at

3s 16 16
-1 1 - 16
L {32+9}+£ {82+9}—3cos(3t)+ 3 sin(3t).

The First Translation Theorem says to compensate for the shift by multiplying this result
16
by €%, so our answer is e (3 cos(3t) + ) sin(3t)>.

_ s*+1
Example 4.4. Given F(s) = 11 655 1 1352
S S S

so we can set up the partial fraction decomposition

s2+1 A B Cs+ D

the denominator factors as s*(s* + 6s + 13),

s2(s% + 6s + 13) ;+32+52+6s+13‘
Once we get all the fractions over a common denominator, we will get the equation
s*+1 = As(s* + 65+ 13) + B(s* + 65 + 13) + (Cs + D)s>.
Plugging in s = 0, we get
1 =138,

1
so B = 3 Since s? + 6s + 13 has no real roots, let’s set up a system of equations by
expanding

s? 4+ 1= As> 4+ 6A4s* + 134s + Bs* + 6Bs + 13B + Cs® 4+ Ds*

and grouping by powers of s:

$$:0=A+C
s>:1=6A+B+D
s':0=13A+6B

s%:1=13B.
Knowing B L the third ti i 13A + 0 0 A 0 Then th
nowin = —, the third equation gives us — =0,%0 A= ——. en the
& 13’ q & 13 160
first equation becomes 0 = ~169 +C,s0 C = T6o" Finally, the second equation becomes
36 1 120

“ 169 T 13
So we can finish the partial fraction decomposition as
s2+1 6 1 s+ 12

$2(s246s+13)  169s * 13s?  s2+6s+ 13

To avoid excessive fractions, let’s just write this as

1 < 6 13 6s + 120 )

160\ s T2 T 26513



Math 221 Laplace Transform Key Spring 2023

13
The inverse Laplace transforms of the —— and — are relatively straightforward: they are
s 5
6s + 120

T 165113 will require completing the square:
s s

—6 and 13t, respectively. The

24+ 6s+13=(s+3)2+13-9=(s+3)*+4.

So we get
65s+120  6s+120  6(s+3)+ 102
24+ 6s+13  (s+3)2+4  (s+3)2+4

Ignoring the shift by 3, we get

65102 6s 102
2244 244 244

and

65 102 102
-1 . .
L {32+4+32+4} —6cos(2t)+781n(2t).

The First Translation Theorem says to adjust for the shift by 3 by multiplying the result by
e 3 so
1 6s + 120
s?2 +6s+ 13

Putting it all together, we get

} = e (6 cos(2t) + 51sin(2t)).

2 1 1
£ { 1 +2 ;:_ 13 2} = @(—6 + 13t + 6% cos(2t) + 5le * sin(2t)).
s s s

Part 5: The Derivative Theorem and Solving IVPs
Theorem 5.1. Let £{y(t)}(s) = Y(s). Then

L{y" (1)} (s) = s"Y (s) = 5" 'y(0) — s"2(0) — 5" " (0) — -~ — sy ~2(0) -y~ 1(0).

In particular,

L{Y'(t)}(s) = sY(s) —y(0)

LLy"(t)}(s) = s°Y (s) — sy(0) — 4/ (0)

L{y" (t)}(s) = $*Y (s) — s*y(0) — sy/(0) — 4" (0)
L{y W (t)}(s) = 5'Y (s) — $’y(0) — s’y (s) — sy"(0) — " (0)

and so forth.

This lets us solve IVPs.
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Example 5.1. Consider ¢y’ —y = 1 with the condition y(0) = 0. Applying £ to both sides
give us:

£l — g} = £{1)
C{y'} - L{y) =

sY (s) —y(0) =Y (s) =

» | = w |

1
Since y(0) = 0, our equation is sY'(s) — Y(s) = —. Then we can solve for Y(s).
s

Then by taking inverse Laplace transforms, we get

o))

Example 5.2. Consider 3"+ 5y’ +4y = 0 such that y(0) = 1 and ¢'(0) = 0. Start by taking
the Laplace transform of both sides:
L{y" + 5y + 4y} = £{0}
L{y"} +5L{y'} +4L{y} =0
s2Y (s) — sy(0) — /' (0) +5(sY (s) — y(0)) +4Y (s) = 0.

Plugging in 1 for y(0) and 0 for 3/(0) gives us
s*Y (s) — s +55Y(s) — 5+ 4Y(s) = 0.
Solving for Y'(s) gives us

s+ 5 s+5 B 1 4

Y(s) =

32+53+4:(3+4)(s—|—1) 3(s+4)+3(s+1)'

1 1 4 1 e 4et
=l — Ve S .
Y=73 {s+4}+3 {s—i—l} 3 773

Then
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Example 5.3. Consider y” + 9y = ¢’ such that y(0) = 0 and ¢/(0) = 0. Taking the Laplace
transform on both sides gives us

L{y" +9y} = L{e'}
L{y"} +9L{y} = ——

s—1
57V (5) = sy(0) = y/(0) + 9 (s) = —
s%Y (5) +9Y (s) = S i 1

1 1 s+1
Y(s) = (s —1)(s2+9) B 10(s — 1) B 10(s2+9)°

Taking the inverse Laplace transform gives us

1 1 1 s 1 1 e!  cos(3t) sin(3t)
= — ! — ! S - .
Y10 {3—1} 10 {s2+9} 10 219/ 10 10 30

Example 5.4. Consider y” 44y + 5y = 0 with the initial conditions y(0) = 2 and 3/(0) = 3.
Applying £ on both sides yields

s*Y (s) — sy(0) — /(0) + 4sY (s) — 4y(0) + 5Y(s) = 0.

Plugging in 2 for y(0) and 3 for 3/(0) gives us
s*Y (s) — 25 — 3+ 4sY (s) — 12 + 5Y(s) = 0.
Solving for Y'(s) yields

(s) 25 +15 25 +15 2(s+2)+11 2(s+2) 11

S) = et — — )
s2+4s+5  (s+2)24+1 (s+2)2+1 (s+2)2+1 (s+2)2+1

By ignoring the shift by 2 and taking the inverse Laplace transform, we get

11
£ {522j 1} + L7 {32 i 1} = 2cos(t) + 11sin(?).

Applying the First Translation Theorem, we multiply this result by e~ to get

y = e *(2cos(t) + 11sin(t))
Part 6: Step Functions

Definition 6.1. The unit step function is

(t) = {o ift <0

1 ift>0

U is “off” /“asleep” when t is negative and “turns on” /“wakes up” as soon as t hits 0. Usually
we will work with the translated step function U (¢t — a), which wakes up at t = a.

10
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The step function provides an alternate way to express piecewise functions. For instance
g(t) if0<t<a
ft) = .
h(t) ift>a

: gt) (1 —U(t —a)) +h()U(t — a).
Let’s examine why: when 0 < ¢ < a, U(t — a) = 0, so

9(1)(1 = U(t — a)) + h(EWU(E — a) = g(£)(1 — 0) + h(£)(0) = g(t),
which matches f(t). And when ¢ > a, U(t — a) = 1, s0

g(t)(1 = U(t — a)) + hEWU(t — a) = g(t)(1 — 1) + h(£)(1) = h(t),

which also matches f(t).
Similarly,
fo<t<a

0
Ft)={glt) ifa<t<bd
0 iftb<t
is
gO)U(t —a) —U(t —D)).
Let’s examine why: when 0 <t < a, U(t — a) and U(t — b) are both 0, so
g)U(t —a) —U(t = b)) = g(t)(0 - 0) = 0.
When a <t <b,U(t —a)=1and U(t —b) =0, so
gB)U(t —a) —U(t = b)) = g(t)(1 = 0) = g(¢).
When ¢t > b, U(t — a) and U(t — b) are both 1, so
gU(t —a) —U(t = b)) = g(t)(1 = 1) = 0.
Part 7: The Second Translation Theorem

Theorem 7.1. If F(s) = L{f(t)} and a > 0, then

L{f(t—a)U(t —a)} =e “F(s).

1
To compute L{U(t — a)}, take f to equal 1 and so F(s) = " Then

e—as

LAU(E - a)} =

S .

11
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Corollary 7.2. An alternate form of the Second Translation Theorem:

L{gOU(t —a)} = e~ L{g(t +a)}.

Corollary 7.3. Since the Second Translation Theorem tells us L{f(t — a)U(t — a)}
e~ F(s), applying £7! on both sides of the equation gives us

L e “F(s)} = f(t—a)U(t —a).

Example 7.4. Find the Laplace transform of f(t) = 2(U(t —2)—U(t—4)) —U(t —4). First
let’s simplify f(t) to 2U(t — 2) — 3U(t — 4). Then by the Theorem and linearity:
26725 _ 36745

L{f(1)} = 2L{U(t — 2)} — 3L{U(t — 4)} .

6—8
} We can calculate this using the Inverse Second

Example 7.5. Consider [,_1{
s+3
Translation Theorem (Corollary 7.3). First, we can ignore the e~*, which gives us

ﬁl{ ig} — 6737&.
S

Then the Inverse Second Translation Theorem says to adjust for the e™® by shifting our
answer by 1 and multiplying by ¢(¢ — 1). This gives us e ¢~D/(t — 1) as the answer.

Example 7.6. Consider £ { 826 _:4}. First let’s ignore the e~z and calculate
s

c—l{ i }—cos(2t).

s2+4

Then the Inverse Second Translation Theorem says to adjust for the e~z by shifting our
result by 7 and multiplying by U(t — 7). This gives us cos(2(t — 5))U(t — 7) as the answer.

Example 7.7. Solve y' 4+ 2y = f(t) such that y(0) = 0, where

f(t):{t fo<t<1

Begin by writing f(t) = ¢(1 —U(t — 1)), or t — tU(t — 1). Then by the alternate form of the

0 it1<t

Second Translation Theorem (Corollary 7.2),
1, 1 (1 1
Ll -t -} = 5~ L{+1} = 5 e (§+g).
So by applying £ to both sides of the DE, we get
1 /1 1
) -0+ 27 () = - (54 1).

12
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and by plugging in 0 for y(0), we get

(s +2¥(5) = 5~ <i + 1) |

s2 s

Solving for Y'(s) gives us

1 . 1 1
Yis) = s%(s + 2) — e (32(3+2) * s(s+2)) ’

1

which requires a partial fraction decomposition for ——— and ———.
q P P s%(s + 2) s(s+2)

1

For ——:
T2+ 2)

1 A B C
2

s2(s +2) 3+s Jr3—1—2’
and so
1=As(s+2)+ B(s+2)+ Cs”.

Plugging in s = 0 gives
1 =28,

1
so B = 3 Plugging in s = —2 gives
1 =4C,

1
SOC:Z' Now

1 1
1:A32+2As+§s+1+132,

1 1
and the s*-terms give us the equation A + 1= 0,s0 A= T Thus

1 1 1 1
s2(s +2) __E+@+4(S+2)
Now for G+ 2)
1 A B
s(s+2) s s+2
and so

1=A(s+2)+ Bs.

1 1
Plugging in s = 0 gives us A = 7 Plugging in s = —2 gives us B = 5 Thus

13
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Putting it all together:

Y (s) 1 n 1 . 1 g 1 n 1 n 1 n 1 1
S) = —— _— e _—— _— _——
4s 25?2 4(s+2) 25 2(s+2))°

PR B I B S I 1
§)=——+— e l—+——-—.
4s 25  4A(s+2)

1 1
First let’s take the inverse Laplace transform of the first bit: ——+—+-—————. Following
4s 28?2 4(s+2)
_ 1t e
The Chart, the inverse transform is —— + = + —.

For the second bit, we will need the Inverse Second Translation Theorem (Corollary 7.3).

Let’s start by ignoring the e and focus on the inverse Laplace transform of

1 1 1 1t e 2
" + 25 m Following The Chart, the inverse transform is 1 + 3~ eT. The Inverse

Second Translation Theorem says next we have to compensate for the e™® by shifting our
result by 1 and multiplying by U(t — 1). So we get

1 t—1 e 2t
- — t—1).
(4 + 2 4 )u( )

Putting everything together now, we get the answer

1t e (1 t—1 270

=—-d=t—+ (= - t—1).

) ==3+3+ 4+(4+ 2 1 )u( )

Part 8: Deflection of a Beam

Consider a beam of length L. Think of the deflection of a beam y as a function of x. If

L
the beam carries a load of w(x) per unit length (so / w(x)dr = total weight), then we
0

have the following DE for y:
dy

where F is elasticity and I is moment of inertia.

Example 8.1. Suppose we have a 10 ft beam clamped at both ends (meaning y(0) = y/(0) =
y(10) = /(10) = 0), and that 10 lbs of weight are distributed uniformly across a 2 ft span
across the center of the beam. So all of the eight is concentrated in the interval [4, 6]. Since
the 10 lbs are distributed uniformly across 2 ft, that is 5 pounds per foot. The weight density
function is

0 fo<z<4
w(z) =45 if4<x<6.
0 if6<z

14
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We will find the deflection y of the beam, with £ and I left unspecified. We can set up
the Boundary Value Problem

EIy® =5U(z — 4) —U(x — 6)),

with the boundary conditions y(0) = 3/(0) = y(10) = ¥’(10) = 0. Applying £ on both sides
yields

EI(s'Y (s) = s%y(0) — s?/(0) — s"(0) = 4" (0)) = 5 ( - -~ > .

The boundary conditions tell us y(0) = 0 and '(0) = 0, but tell us nothing about 3”(0) and
y""(0), so we will call those ¢; and ¢, for now:

6_48 6_68
EI(s'Y (s) —sc; —cy) =5 < - ) .

S S

Solving for Y'(s) gives us

5 6—45 6—65
Y<S):E( 5 )*3*‘

The Inverse Second Translation Theorem (Corollary 7.3) tells us how to compute £}

—4s

g5
—6s

(e
and £ 1{ 3

1
}. First ignore the exponential functions, so all we have is £7! { 5} Then
s

4 .CE4

we find the inverse Laplace transform, which is o= o Then we adjust for that e=** by

shifting this result by 4 and multiplying by U (z — 4); and we adjust for that e~ by shifting
4

the % by 6 and multiplying by U(x — 6). So we get,

S 24
—6s 4
-1)¢€ _ (z—6) _
L { . } =1 U(x —6)
3
And remember that The Chart says the £~ {%} = % and L~ { 4} = % Putting
s s

it all together, we get

y(z) = % (%u(gg ) %u@; - 6)) + % + %

Now we need to solve for ¢; and ¢y by using the boundary conditions y(10) = 0 and y'(10) = 0.
Thankfully, the step functions do not create trouble for us when we are solving: since are
using * = 10, we can plug in 10 for z in U(z — 4) and U(x — 6). Since U(10 —4) =1

15
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and U(10 — 6) = 1, we can take the step functions to just be 1 (this also means that

iZ/l(x —4) = i1 =0, and iL[(x—ES) = i1 =0).

dx dz dx dx
So y for x > 6 is
5 ((z—4)" (z—-06)* cr? e
y(x)_ﬁ( 2424 )T T2 TG
and ¢/ for z > 6 is
5 ((4(x—4)®  4(x—6)> Cco1?
/ —_ — _—
y(ac)—Ej_( o1 o +aar+ n

Plugging in 10 for = in y(z), we get

_ 5 (8 BN g, 4 1000
T EI\24 24 ! 6

Plugging in 10 for z in y/'(x), we get

0= g 62 £ + 10¢; + 50
T EI 6 @ ot

Simplifying everything, we get

0= % +50¢; + 50??02
and 380
0= 35T =+ 10cy + 50cs,
which results in ¢; = i and ¢y = i This results in
3ET El
4 4 37 o 5 3
y(x) = 24EI((:I; —4)U(x—4)— (z—6)U(x—6))+ e85l " eBI®

Part 9: Derivatives of Laplace Transforms

Theorem 9.1. Given F(s) = L{f(t)}, then for n =1,2,3,...,

TLdn

dsn

L{" (1)} = (=1)" 25 F(s).

Example 9.2.

d 2 4s
dss2+4  (s2+4)2

L{tsin(2t)} = —%E{sin(%)} =

Example 9.3.
d? 2 1 2
L{t?e") = —L{'} = — = )
e ds? {e'} ds?s—1 (s—3)3

16



Math 221 Laplace Transform Key Spring 2023

Example 9.4.
L{te'sin(t)} = —diﬁ{et sin(t) }.
s

Remember the First Translation Theorem (Theorem 3.1) says that £{e® f(t)} = F(s — a).

So
_gﬁ{e sm(t)} = ds (8_1)2+1 o ((8—1)2+1)2.

Part 10: Convolution

Definition 10.1. Given f and g on [0, 0), the convolution of f and g is defined to be

fm*ngiéf@m@—Tmr

Note that f(t)* g(t) = g(t) * f(t), you can use a u-substitution v =t — 7 to get from one to
the other.

Theorem 10.2. The Convolution Theorem: If f and g have are piecewise continuous on
[0,00) and of exponential order, then

L{f(#) + g(t)} = L{f(8)}L{g()}-

Corollary 10.3. The inverse version of the Convolution Theorem is that if F'(s) and G(s)
are Laplace transforms of f and g, respectively, then

LTHF(s)G(s)} = f(t) * g(t).
Example 10.4. What is t * '?

t ¢ t
/ el Tdr = / TeleTdr = et/ Te .
0 0 0

Using integration by parts:

we get

t t
e[ —re ™ —/ —edr | =ée [ —tet—eT
0 0

Example 10.5. We can use the Convolution Theorem to compute

ﬁ{l%mum%@—ﬂw}.

Since this is just L{sin(t) * cos(t)}, Theorem 10.2 tells us

t

) =el(~te " —et+1)=—t—1+¢"
0

1 s S
241 8241 (s24+1)2

L {/Ot sin(7) cos(t — T)dT} = L{sin(t)}L{cos(t)} =

17
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t t
Example 10.6. Find the Laplace transform £ {/ COS(T)CIT}. Notice that / cos(T)dT is
0 0

the convolution cos(t) * 1. Thus

S 1_ 1
241 s s241

c {/Ot cos(T)dT} — L{cos(t) * 1} = L{cos(t)} - L{1} =

Example 10.7. Find £} { } using convolution.

s(s+1)

R S

Using the definition of convolution, this is

t
/ e 'dr=—e "
0

Notice that convolution gives an alternative to using partial fraction decomposition!

¢
=—e "+ 1.
0

Part 11: Periodic Functions

Definition 11.1. A function f(t) is periodic with period P if f(t — P) = f(t) for all ¢. For
example, the trig functions sin(t) and cos(t) are periodic with period 2.

Theorem 11.2. If f(t) is a periodic, piecewise continuous function on [0, c0) of exponential
order, with period P, then

CLF)(s) = — / e F(t)dt.

1 — efsP

1 2m
Example 11.3. Since cos(t) is periodic with period 27, L{cos(t)} = = / e cos(t)dt.
—e TS 0

Part 12: The Dirac Delta
Definition 12.1. The unit impulse function 9, is defined to be

0 Ho<t< —a
if —a<t<a.
ift>a

da(t) =

1
2a
0
Using step functions, we can rewrite this as

5a(t) = %(ua +a)— Ut —a).

18
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o —a a 1 o0
/ 5a(t)dt=/ 0dt+/ 2—dt+/ 0dt = 1.
—00 —00 —a a a

We can also shift the unit impulse function to the right by #y: this gives us the function

5a(t — to).
Definition 12.2. The Dirac Delta “function” is

Notice that

(t — to) = lim 0, (¢ — to).

Some properties of §(t — ty) are:

oo ift=t
. 5(t_t°):{0 ift;étz

2./ 5(t —to)dt = lim [ 8,(t —to)dt = 1.

o0 —0o0

**Note that the Dirac Delta function is not actually a function.

Theorem 12.3. We can define the Laplace transform as hIr(l) L{0,(t —t9)}(s). Then
a—

L{5(t —to)} = e ™.

In particular, if ¢y = 0,

L{5(t)} = 1.

Example 12.4. Suppose we have a spring and mass system with mass m = 1, spring
constant k = 1, and with an external force of 45(t — 27). Solve the IVP

Y +y = 46(t — 2m)
such that y(0) =0, ¥'(0) = 0. Applying L to both sides gives
L{y" +y} = de™™,
s*Y (s) — sy(0) — y/(0) + Y (s) = de ™.
Using 0 for y(0) and 0 for y'(0), we get
s?Y (s) + Y(s) = 4e 2™,

and solving for Y (s) gives

4672775
Y(s) = .

We can take the inverse Laplace transform by using the Inverse Second Translation Theorem

4
}, which is 4sin(¢). Then

21s

(Corollary 7.3). First ignore the e=2™ and focus on £7!

s2+1
we adjust for the e=™ by shifting this result by 27 and multiplying by U(t — 27). Thus we
get the answer

o 467271'5 )
y=~L G = 4sin(t — 2m)U(t — 27).
s
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Example 12.5. Solve the IVP " +y = 4§(t — 2m) such that y(0) = 1, ¢/(0) = 0. Applying
L to both sides gives
£{y// + y} — 467271'5.

s*Y (s) — sy(0) — 4/ (0) + Y (5) = de 2™,
Using 1 for y(0) and 0 for y/(0), we get

Y(s)(s* +1) — s =de ™.

Solving for Y'(s) gives

46—27rs s
Y(s) = .
(s) 5241 +52+1
4 —27s
We already calculated £ {%} = 4sin(t — 2m)U(t — 27) in the previous example. And
s
L1 { 5 i } = cos(t), from The Chart. Thus
5241

y = 4sin(t — 2m)U(t — 27) + cos(t).
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