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Consider a quartic curve 4L C P? where k is algebraically closed.
Fix three points Py, Qo, Ry € 4L. We claim that for all D € Pic’(4L), there exist unique
(up to permutation) points P, @, R € 4L such that D ~ (P — Py) + (Q — Qo) + (R — Ry).

Proof. First we will show uniqueness: Let P—FPy+Q—Qo+R— Ry ~ P'—Py+Q'—Qo+R —Ry.
Then P4+ Q+ R ~ P'+ Q' + R'. Consider the lines PQ, PR, and QR. They each meet the
quartic curve 4L at the two additional points a; and as, b; and by, and ¢; and ¢, respectively.
Therefore

2P4+2Q+2R+a1+as+by+by+ci+co ~ P +Q +R +a;+as+by+ba+c1+co+ P+Q+R.

Therefore P’, Q' and R’ are on the cubic curve given by a1 +as+b;+by+c1+co+ P+ Q+R.
This curve is the union of three lines, and so we must have {P’,Q’, R'} = {P,Q, R}. Thus
P+Q+R=P+Q +R andso P—P+Q—Qy+R—Ry=P —Py+Q — Qo+ R — Ry.

Now consider the case D = (P’ — P)) + (@' — Qf) + (R’ — R})). We will construct the
points P, (), R such that

(P' = Fy) + (@ = Q) + (R' = Rp) ~ (P — Ry) + (@ — Qo) + (R — Ro).

First note that (P’ — B)) + (Q' — Qp) + (R — R}y) ~ (P — Py) + (Q — Qo) + (R — Ry) if and
only if
P +Q+R+P+Qy+Ry~P+Q+R+Py+Q+ Ry.

Consider the lines PyP’, QoQ’" and RyR’. They each meet the quartic curve 4L at the two
additional points p; and ps, ¢; and ¢, and r; and 7y, respectively. Together, the nine points
D1, P2, Q1 Go, T1, T2, Py, Qp, and R{, determine a cubic curve 3L (not necessarily unique in
the case of unassigned base points). The cubic 3L intersects 4L at 12 points total using
Bézout’s Lemma. The three additional points where 3L meets 4L are P, (), and R. Then
we have

P'+Q'+ R +Py+Qo+Ro+p1+p2+qi+qa+r1+1r2 ~ P+Q+R+Pi+Qy+Ry+p1+patqi+qa+ri+72

and result follows. By uniqueness proven earlier, this is the only choice for {P, @, R}.
Now we wish to show that for all P, Py, Q1,Q2, R1, Ry € 4L, there exist P,Q), R € 4L
such that

Pi+Py—2R+ Q1+ Q2—2Q0+ Ri+ Ry — 2Ry~ P — P+ Q — Qo+ R— Ry.
Let us rewrite this equivalence as
P+P+Q1+0Q2+Ri+Ry~P+ P+ Q+ Qo+ R+ Ro.

Let us consider the lines P, Py, Q1Q, and R R,. They each meet 4L at the two additional
points P; and Py, Y3 and ()4, and R3 and Ry, respectively. The nine points Pj, Py, (3,
Q4, R3, Ry, Py, QQo, and Ry lie on a cubic curve 3L which intersects 4L at three additional
points. We will call these three points P, (), and R, and they satisfy the desired property.
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Now let D € Pic’(4L) be arbitrary. Since D has a degree of zero, we know that D =

n

Z(Ai — B;) for n € N and A;, B; € 4L for all i. We have already shown that there exist
]iD:i,lQl-, R; € 4L such that
Agi o — Bsi o+ Asi 1 — Bsi 1+ A3i — B3y ~ P, — By + Qi — Qo + Ri — Ry
and that for each 7,57 € N there exist Py, Qy, R € 4L such that
(P =P+ Qi — Qo+ Ri— Ro) + (P — P+ Q; — Qo+ R — Ro) ~ Py — Fo+ Qi — Qo+ Ry — Ro.

Now if n = 2 mod 3, simply add A,;1 — B,y1 = Qo — Qo and if n = 1 mod 3, add an
additional A, o — B,.1 = Ry — Ry to achieve desired result. ]

Recall that picking 13 points on P? will yield 3 unassigned base points. By adding thirteen
divisors of the form P, — Py, Q; — Qo and R;, — Ry, we will get a sum P —FPy+Q — Qo+ R—Ry.
Then I would like to show the three unassigned base points will be the points A, B,C' € 4L
satisfying A+ P — 2Py + B+ Q —2Qo + C + R — 2Ry ~ 0 (in other words, the additive
inverse of the sum of the first thirteen points).

This happens when A, B, C, P, (), R lie on the tangent lines of Py, (o, Ry or the six points
lie on the triangle of lines PyQq, Qo Ry, PoRy. No, that’s wrong.

This happens when the cubic given by the six points on the lines AP, BQ, and C'R and
the three points Fy, (o, and Ry are tangent to 4L at Fy, (o, and Rj.

Can we pick Py, Qo, and Ry such that there is a cubic that hits 4L only at those three
points? In other words, there is a cubic 3L such that 3L.4L = 4P, + 4Qy + 4Ry? Yes! One
example is choosing Fy, )y, and Ry to each be flex bitangents. In that case 3L will be the
union of the three tangent lines. Another way is to choose one to be a flex bitangent and the
other two to be bitangents sharing a tangent. In that case, 3L will be a double bitangent
line and the remaining flex bitangent line.

If we pick Fy, Qqo, Ry to be three flex bitangents, then the cubic determined by the six
points on the lines AP, BQ, and CR and the points Py, Q, and Ry is the union of the three
flex bitangent lines. This means that two of the “six” points must be Fy, two must be (o,
and two must be Ry. This means that AP must be one of the lines PyQo, QoRo, or QoRy
and BQ and C'R must each be one of the remaining two lines.

Thus if we choose Py, Qo, Ry in this special way, [A+ B+ C] = —[P + Q + R] if (without
loss of generality) A is collinear with PyPQy, ... wait... that can’t be right.

am

Z(Pi + Qi + R;) —4mPy — 4mQy — 4mRy ~ 0 if and only if there is a degree 3m curve

i=1
such that intersects 4L at all P;, Q;, R;. (Py, Qo, Ro flex bitangent).

For 13 points, does it matter if they are paired with Fy, (o, or Ry? I have to imagine
yes... but... I question.

Does P, + -+ Pi3—13Py ~ P, + --- + P13 — 13Q0? Do we have 13F, ~ 13Q)y for any
Py, Qo € 4L7 1If so, then for any three points P,Q), R € 4L such that 13+ P+ Q + R ~
13Qo+ P+Q+ R. In other words, there is a quartic curve that intersects 4L with multiplicity
13 at P, and...
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Say Pi+---+P3— 13 ~P—-FP+Q—Qo+R—Ry. Then P, +---+ Pi3+ Qo+ Ry ~
P+Q+ R+12F,. Thenforall S € 4L, Pi+---+Pi3+ Qo+ Ry+S ~P+Q+R+12F+S.
There isn’t necessarily another quartic that goes through either set of 16 points... so what
next?

Let us choose Py, Qo, Ry to be flex bitangent points. Given any four points Si,...,5; €
4L, we know that

S1+ Sy + S5+ Sy — 4Py ~ S1+ Sy + Sz + Sy —4Qo ~ S1 + Sz + Sz + Sy — 4Ry

because 4Py ~ 4Q)y ~ 4Ry. Therefore, for any 12 points Si,..., 512 € 4L, we have

4

12
2(531'72 — Py + S3i-1 — Qo + S5 — Ro) ~ (Z Si) — 125.
i=1

i=1
13
Then let Si3 be a thirteenth point. We have Z S;i|—183Ph~T1—FPo+15—Qo—T5— R,y.

i=1
Define Ul—P0+U2—Q0+U3—RO to Satisfy U1+T1—2P0+U2+T2—2Q0+U3+T3—2R0 ~ 0.
Then we claim that Uy, Uy, and Uz are the three unassigned base points induced by the
thirteen points 51, ..., Si3.

Sl—|—' . ‘—|—513—|—U1+U2+U3 ~ 14P0+Q0+R0 ~ 6PQ—|—5QQ—|—5R0 ~ 3L+2P0+QO+RQ 7(/ 4L7

Can we set Py = Q9 = Ry? Is that legal? If so, we have the form P+ @ + R — 3F, for
every element of Pic’(4L).



