Jake Kettinger Spreads in P° 25 September 2024

Consider for example the field Fy = Fy[a] where o* = a + 1. Then the polynomial
23 + a € Fy[z] is irreducible. Then let Fgy = Fy[3] where 3% = a.

Then we can consider the plane [A, B] with A, B € Fgy. We can write A = ag+a1 8+ a3
and B = by + b1 3 + by3? for a;,b; € Fy.

The plane [A, B is the set {(z, Az + Ba?) : € Fg4}. That is, we can choose z = 1, 3, 32
to identify three points contained in the plane. For z = 1, we get (1, A+ B) = (1,0,0, a0 +
bo, a1 + by, as + be). For z = (3, we get

Az + Bx' = AB + Bfa = af + a15% + asa + byfBa + b1 e + bor + bs.

So (3, AB + Bf*) corresponds to the point (0,1,0, asa + byar + by, ag + boav, ay + biav).
Finally, for = 3?2, we have A3* + Bj3® = AB* + BS%*(a + 1).

AB? + BB*(a+1) = apf? + ara + agBa + by B (a + 1) + by + byf3
and so (32, AB? + Bf3®) corresponds to the point (0,0, 1, ajc + by, as + ba, ag + boar + by). So

[A, B] = join{(l, O, O, ag + bo, aq -+ bl, Qo —+ bg),
(0,1,0, ascx + bocx + by, ag + boa, ay + biav),
(0, 0, 1, a1+ bl, asx + bg, ag + boOé + bo)}

In particular, the plane

[A7 0] = jOiIl{(l, 07 07 ap, Ay, a2)7
(07 17 07 20, Gy, a1)7
(07 07 17 a10, A0, Clo)}.

Also define the plane I1,, = join{(0,0,0,1,0,0),(0,0,0,0,1,0),(0,0,0,0,0,1)}.
I claim that & = {[4,0] : A € Fgi} U{Il} is a spread of P},. First note that #Pj, =

46 — 1
T = 1365 And #P, = 21. And 1365/21 = #S.
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which we can rewrite as
X34 aY3+a’Z 4+ aXYZ cFyX,Y, Z].

We want to show the only root in Fy is (X,Y, Z) = (0,0,0). Suppose X # 0. Then X3 = 1.
So we have 1 + aY3 4+ o?Z2 + aXY Z.
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For the case Fy, we can construct a spread via the field extension Fg = Fy/(2® + x + 1)
and defining the planes

[A, B] = join{(l, O, 0, ag + bo, ay + bl, as + bg),
(0,1,0,@2+b1,a0—|—a2+b1+b2,a1 +bo+b2),
(0,0,1,a1—|—191+b2,a1+a2+bo+b1,ao+a2+bo+b1+b2)}

for A, B € Fg and the spread comprising

[A7 O] = jOin{(L 07 07 g, A1, &2),
(Oa ]-7 07 a2, o + a2, al))
(O, 0, 1, ai, ay + asg, Qg + az)}.
Do [0,0], [1,0], and I form a “regulus” in P§ 7 We have [0,0] = V (3, x4, 25), [1,0] =
V(zg + x3, 1 + x4, T2 + 5), and [l = V(xg, 21, x2). Is there some quadric 4-dimensional
hypersurface containing all three planes?

The family
I = (.Z'05€4 + T1T3, ToTs -+ ToX3,T1T5 + 1'2.%4)

contains all three planes. According to Macaulay2, I is codimension 2 and degree 3, so it
carves out a cubic threefold containing the planes.
I should further study the plane-bearing properties of cubic threefolds in P}, for example

V(2074 — 2123, ToT5 — ToT3, T1T5 — ToTy).
I believe this is isomorphic to the Segre embedding
P? x P! — P°

where
(&076117@2), (607171) — (aobo,aobl,albmalbb a2607a2b1)-

In this case, we have

V(zors — 1129, oLy — T1Xy, ToXs — T3Ty),
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but this is isomorphic to the above variety via 010000
000010

0 001O00O0

We can look in the Grassmannian of planes in P5. &t(3,6) is 9-dimensional and embeds in
P via Pliicker. According to Macaulay?2, the degree of the Pliicker embedding of &t(3,6) —
P19 is 42.

il: JloadPackage "SchurRings"
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i2: S=schurRing(QQ,s,3)
i3: s.179

The coefficient of the s333 is 42. The P? x P! is some kind of curve in &t(3,6). Is it a
curve of degree 37

Or maybe... we use the Chow rings. A(P?) = Z[L]/(L?) and A(P') = Z[P]/(P?), and
A(P5) 2 Z[H]/(H®). So we have the function of rings

Z[H]/(H) = Z[L]/(L?) ® Z[P]/(P?)

where A°(P? x P') is generated by 1®1, A! is generated by L® 1 and 1® P, A? is generated
by L?® 1 and L ® P, and A3 is generated by L? ® P. Identifying / = L® 1 and p=1® P,
we have A(P? x P) 2 Z[¢, p]/(£3, p?). Then for consistency let’s write h = H and we have

fZIh/(h®) = Z[€,p)/ (%, p*)

where h s al + bp, h? — a®0% + 2ablp, h® — 3a’bl?p, and h* — 0. We can find @ and b
through a few tests: f(h)p = alp. The class p represents a general plane P? x {*x} C P? x PL.
Then /p is the class of a line contained in a specific section L x {x}.

Maybeee... we can construct a specific h whose intersection with the Segre variety is a
P2 x {x} UP! x PL. Yeah, take the two classes P? x {x}, P! x P! C P? x P!: they meet at
the line P! x {*}. The P! x P! is contained in a P? which must necessarily contain the line
P! x {*}. Then it is only a matter of including one of the points of P? x {*} not shared by
the P! x P!, and that extra point extends the P? to a P4, which is the class h. So in fact
f(h) =€+ p, and so h3 = 3(*p, so the degree of the Segre embedding P? x P! < P5 is 3.

Similarly, the degree of the Segre embedding P? x P? < P8 is (¢, + £5)* = 6£3/3.

In general, the degree of the Segre embedding P* x P™ « PV is ("J;m)?



