Math 221 Rock, Paper, Scissors Spring 2023

1 Three Functions

In the popular game of chance Rock, Paper, Scissors, contestants simultaneously choose to
cast either rock, paper, or scissors to determine a winner. The rules are:

rock beats scissors
scissors beats paper
paper beats rock.

We can set up a system of differential equations that reflects this balance. For example, we
can set up an equation

' =5—p,
saying that the population of rocks grows the more scissors there are (because rocks eat
scissors) and shrinks the more papers there are (because the papers eat the rocks). Setting
up the whole system like this gives us

r'=—-p+s
p=r—s
S/

:—7“—|—p

which can be turned into the matrix equation

! 0o -1 1 r
pPl=111 0 =1 |p
s’ -1 1 0 s
0 -1 1
The eigenvalues of the matrix | 1 0 —1| can be found by finding the roots of the
-1 1 0
characteristic polynomial
-2 -1 1
det | 1T =X =1 ==2N+1) = (=D)(=A=1)+ (1)1 =X) = —=X* -3\
-1 1 =X

which factors as —A(A? 4+ 3). So the roots are A = 0, A = iv/3, and A = —i\/3.
To find the eigenvector associated to A = 0, plug 0 in for A and solve

0 -1 1 ky 0
1 0 =1 |k =10
-1 1 0 ks 0

We get the equations 0ky — ks + k3 = 0, ky + Oke — k3 = 0, and —k; + ko + Ok3 = 0. The
first equation tells us ko = k3, the second equation tells us k; = k3, and the third equation
is redundant: it tells us ky = ky. A vector satisfying these equations is

1

K=]1
1
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1 1
Therefore our solution will contain Y; = |1]| % = |1
1 1

Next, let’s look at the eigenvalue A = iv/3. Plugging this eigenvalue in, we get the
equation
—-iv3 -1 1 iy 0
1 —ivV3 =1 | |k| =10
—1 1 —iv3] ks 0

we get the equations

—iV3ky —ky+ ks =0
]{31—7:\/51{?2—]{33:0
—ky + ky — iV3ks = 0.

Choosing k; = 1, we get

ko + k3 =iV3
—iV/3ky — k3 = —1
ko — iv/3ks = 1.

The first equation tells us ks = iv/3 + ky. Plugging iv/3 + ks in for k3 in the second equation

gives us
—iV/3ky — V3 — ky = —1.

Solving for ky yields

ko(—1—4V3) —iV3 = —1
ko(—1—4v3) = —1+iV3
_—1+iV3

foy = - VO
T 13

1 a— bi
Y divid 1 bers b i = .S
ou can divide complex numbers by using P R 0

-1 +i0V3 . —1+4V3\  (=1+iV3)(=1+iV3)
’f2—_1_—wg—(‘1+”§)< 1 )‘ 1

S 1-iV3—iV3-3 —2-2iV3 -1-iV3

N 4 B 4 2
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—1—1iv/3
Now we have k1 =1, ky = TZ\/_, and since ks = iv/3 + ko, we get

-1 -3 . —1—-wv3 2iv3 —-1—«/3+2iv3 —1+1v3
R R Y Ny

Therefore the eigenvector associated to A = iv/3 is

1
K, = —1—2i\/§
—1+iV/3
2
which we can multiply by 2 to get
2
K,=|-1-i/3
~1+iV3
to avoid excessive fractions. Next we need to find the eigenvector associated to A = —iy/3,

which we will call K_. But remember: K_ and K, are conjugates! Meaning

2 2 2
K. =K. =|-1-i/3| =|-1-iV3| = |-1+iV/3] .
—14+iV3 —1+4V/3 —1-4iV3

(Remember a + bi = a — bi, so the real part a is left alone, but the imaginary part b has its
sign flipped.) Now we can use

2 2
K,=|-1-iV/3 & K_=|-1+iV3
—1+1iV3 —1—iVv3
to make
1
Bl = §(K+ + K,)
and
)
By=—-(-K,+ K.)
We get
4 2
Bl - = —2 - —1
-2 -1
and

. ) 2 . 0 0
BQ:% 14+iv3| + |—1+iv3 =% 2iv3 | = | -3
1—1iV3 —1—14i/3 —2iV/3 V3
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Now we can build two new solutions using
Yy = B1e® cos(bx) — Boe® sin(bx)

and
Y3 = Boe® cos(bx) + Bye® sin(bx)

where a + bi are the eigenvalues. In our case, the eigenvalues are A = +iv/3, so a = 0 and
b= /3. So we don’t need the e part in this case, because e’ = 1.

So we get
2 0
Yo = | —1| cos(v/3z) — | —V/3| sin(v/3z)
-1 V3
0 2
Yy = | V3] cos(vV3z) + | —1| sin(v/3x).
V3 -1
1
Putting this all together with Y; = [1| from earlier, we can build the general solution
1

1 2 0 0 2
Y =¢ 1|4 | | =1] cos(v3z) — | =3 sin(v3z) | +es | |—v3] cos(v3z) + | —1]| sin(v/3x)
1 1 V3 V3 —1

which we can condense into

c1 + 2¢y cos(v/3x) + 2c3 sin(v/3z)
Y = | ¢ — ez cos(v32) + v3eysin(v/3x) — v/3es cos(v/3x) — c3sin(v/32)
1 — ¢y cos(v/31) — /ey sin(v/3x) + V/3es cos(v3x) — ez sin(v/3x).

So our general solution for rock, paper, scissors (r, p, and s) will be

r(x) = ¢1 4 2¢5 cos(V/3x) + 2¢3 sin(v/3x)
p(x) = ¢1 + (—¢2 — V/3es) cos(V3z) + (V3es — ¢3) sin(v/3z)
s(x) = c1 + (—co + V/3es) cos(V3z) + (—V/3cy — ¢3) sin(V/3z),

and will vary based on the parameters ¢, ¢, and c¢3. You can see how the graphs of these
functions look on Desmos here. (You can control the parameters c;, ¢z, and c3 on the
sidebar.)


https://www.desmos.com/calculator/htnmpvhwdz
https://www.desmos.com/calculator/htnmpvhwdz
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2 Five Functions

Now let’s expand this to the game Rock, Paper, Scissors, Lizard, Spock. The rules are:

rock beats scissor and lizard :(
paper beats rock and Spock
scissors beats paper and lizard :(
lizard beats paper and Spock
Spock beats scissors and rock

We can set up a similar set of differential equations as before. We will have to use N for
Spock (because of Leonard Nimoy) because S is taken by the scissors and L is taken by the
lizard.

R =-P+S+L-N
P=R—-S—L+N
S'=—-R+P+L—-N
L'=-R+P—-S+N
N =R-P+S-1L

which can be converted into a matrix equation

R o -1 1 1 —-1||R
P’ 1 0 -1 -1 1 P
Sf=|-1 1 0 1 —=1||S
L -1 1 -1 0 1 L
N’ 1 -1 1 -1 0 N

Using a calculator, one can find the five eigenvalues of this matrix are
Ao =0
A =i\/5+2V5

A= —i\/5+2V5

and the eigenvectors are written below. I made a graph of the solutions on Desmos| so you
can see what they look like.

ot


https://www.desmos.com/calculator/b6cqdjikde
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The eigenvectors are

1 [ V5 1+i(V/V20+10 [ B—1-i(v/V20+10
1 V5 —1—i (/20410 V5 —1+i(v/v20+10
Ko= |11 K" = | _5-1+i(v/-v20+10) | K1 |—/5—1—i(v/—v20+10):
1 —VB—1—i(V-v20+10 —VB5—1+i(V—-v20+10
L 4 . L 4 .
V5 —1—i(vV—v20+10)] V5 —1+i(vV—v20+10)]
—V/5 =141 (v —v20+ 10 —V/5—1—i(v—=v20+10
K'=| V5-1+i(vV/V20+10) |- K2 | v5-1—i(/V20+10
VE—1—i(VVv20+ 10 V5 —1+i(V/V20+10
4

Thus we can use conjugate eigenvectors to make real vectors

V5 —1
1 Vo1
Blzi(KHK;): —5-1],
—/5—-1
4

V20 +10 ]

. —v/V/20 + 10

0125(—K1++K1_): —v20+410 | >

—vV—v20+ 10
0

-5 -1
1 —V5-1
BQ=§(K2++K2‘)= Vi—1 1,
V5 —1
4

[—/—/20 4 10]
; —/20 4 10
Co = 5Ky + Ky) = V20 + 10
—VV20 +10
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Thus we have the five generating solutions:
V=1

Ynglcos(x 5+2\/E> —Clsin(r 5+2f)
<x 5—1—2\/5) + Bj sin (m )
Y4:Bgcos(x 5— )—CQSin(J: — )

Ys = Cycos (x 5—2\/3) + By sin (.CE 5—2v5

i
é' Ot

Y3 = (' cos

.
.

ot

and we may write a general solution of the form

= 1Y) + Yo + Y3 + Yy + c5Y5.

2~y

3 Seven Functions

Let’s look at the following system of differential equations.

Y, 0 -1 1 -1 1 -1 17w
yh 1 0 -1 1 -1 1 —1||u
" -1 1 0 -1 1 =1 1| |y
vil=11 -1 1 0 =1 1 =1 |n
L -1 1 -1 1 0 -1 1]y
b 1 -1 1 =1 1 0 —1| |y
vl |-1 1 -1 1 -1 1 0] |y
A

The matrix A has characteristic polynomial
ca(z) = —x(2® + 212" 4 352% + 7).

According to LMFDB, the field spl(z° + 212* + 3522 + 7) = Q((7), and so we can write the
eigenvalues of A as rational linear combinations of the seventh roots of unity. They are as
follows.

1. A():O

2. M =20 +2C2+2¢;+1


https://www.lmfdb.org/NumberField/6.0.16807.1
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3. M =—X\
4o X =202 +2C2 + 3¢+ 1
5. ==X
6. A3 =2C2 +2(7 +2¢+1
7. A3 = —\3

These eigenvalues can be given exact values as follows.

1.
2.
3.
4.
d.
6.
7.

So we can write three nontrivial frequencies for this system of equations:

We can also use Q((7) to find exact expressions for the eigenvectors.

A =0

A1 = 2i(sin(67/7) + sin(47/7) + sin(27/7))
—A1 = —2i(sin(67/7) + sin(47/7) + sin(27/7))
Ay = 2i(sin(107/7) + sin(67/7) + sin(27 /7))
—Xg = —2i(sin(107/7) + sin(67/7) + sin(27 /7))
A3 = 2i(sin(107/7) + sin(87/7) + sin(27/7))
—A3 = —2i(sin(107/7) + sin(87/7) + sin(27/7))

Fy = 2(sin(67/7) + sin(47/7) + sin(27/7)),
Fy = 2(sin(107/7) + sin(67/7) + sin(27 /7)),
F3 = 2(sin(107/7) + sin(87/7) + sin(27/7)).

1
1
1
K(): 1 5
1
1
_1_
S SR
7 7
Cr 7
5 2
7 L 7
Klz ? 7K1: ’?
7 (7
3 4
7 7
1] |1
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1 [g
5 2
7 7
4 3
7| 7
KQ - ? ) K? - ’? )
2 5
7 7
G 7
| 1] | 1
2] e
7 7
G 7
G| Cr
Ky=| G | K= | ¢
G 7
G 7
- - L. 1 -
This allows to construct the real vectors
cos(67/7)]
cos(2m/7)
1 B cos(4m/7)
R, = §(K1 + K1) = |cos(4n/T) |,
cos(2m/7)
cos(6m/7)
L 1 -
[ sin(67/7) ]
sin(127/7)
; B sin(47/7)
J1 = 5(—K1+K1) = Sln(lO’ﬂ'/?) s
sin(27/7)
sin(87/7)

O -
cos(2m/7)
cos(4m/7)

1 B cos(6m/7)

R2 = §(K2 -+ KQ) = COS(67T/7) y

cos(4m/7)

cos(2m/7)

L 1 -

[ sin(27/7) ]

sin(4w/7)

; B sin(67/7)

<]2 = 5(—}(2 + KQ) = sm(87r/7) s

sin(107/7)

sin(127/7)

0
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1 _
Rg — §(K3—|—K3) —

7 —
Jg — 5(—}(3 + K3) =

[sin(107/7)]
sin(67/7)
sin(27/7)
sin(127/7)
sin(87/7)
sin(47/7)

0

Then we can construct the seven generating solutions.

Yo=1

Y1 = Ry cos (Fiz) — (
Zy = Jycos (Fiz) + Rysin (
Yy = Ry cos (Fhz) — (
Zy = Jycos (Fox) + Rysin (
Y3 = Ry cos (Fyz) — (
Z3 = Jzcos (F3x) + Rssin (

We may write a general solution of the form

Here is a graph I made on Desmos so you can see how the solutions look.

n
Y2
Ys
Yy
Ys
Ye

Y7}

=coYo + Y1+ diZy 4 coYo + doZs + c3Y3 + d3Zs.

10

Jl sin

JQ sin

J3sin


https://www.desmos.com/calculator/dsnli39bjy
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