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8+2

Let P,...,P; € ]P’ﬁ. First note that 5 = 45, and so 44 conditions will determine

a unique octic. Now consider the six triple points Pj,..., Ps. Six triple points impose
3+1 .. . o

6 * 5 = 6 x 6 = 36 conditions, and choosing P; as a double point imposes an extra

241
( ;— ) = 3 conditions for a total of 39. Thus there is a 45 — 39 = 6-dimensional vector

space of octics that have triple points at Pj,..., Ps and a double point at P;. The six
generating octics are simple to construct:

01—0(1 2,3,4,5)C(2,3,4,5,6)C (1,6,3,4,7) C (1,6,2,5,7)
C(1,2,3,4,6)C (1,3,4,5,6)C(2,5,7,1,3) C (2,5,7,4,6)
C(1,2,3,5,6)C (1,2,4,5,6)C (3,4,1,2,7)C (3,4,7,5,6)

:C(l 2,3,4,6)C (2,3,4,5,6)C (1,5,7,2,3) C (1,6,7,4,5)
Os=C(1,3,4,5,6)C(1,2,3,4,5)C (2,6,7,1,5) C (2,6,7,3,4)
Os = C(1,2,3,5,6)C(2,3,4,5,6)C (1,4,7,2,3) C (1,4,7,5,6)

where each octic is a product of four conics determined by the five specified points.

In order to upgrade P from a double point to a triple point, we need to choose coefficients
c1,...,ce that produces an adequate linear combination of Oq,...,Og. Since seven triple
points induces 42 conditions, we need only use the first four octics Oy, ..., Oy.

We want a linear combination

0= ClOl + 0202 + 0303 + C404

where Oy (P7) = O,,(P7) = Oy, (P;) = 0. This is sufficient since P; is already a double point.
That is, we are already given that O,(P;) = O,(P;) = O,(Pr) = 0, and so if the desired
conditions are fulfilled, then O, (Pr) = 20.,(Pr) + yOuy(Pr) + 20,.(P;) = 0 and we must
have O,,(P;) = 0 as well. Same goes for O,,(P;) and O,.(FP).

We want

1012y (Pr) + 2024y (Pr) 4 3034y (Pr) 4 4Oy (Pr)
Cllez(P'?) + 6202:1:2(]37) + C3Osz(P7) + C4O4:(:z(P7)
€101y (Pr) + 204, (P7) + €303y, (Pr) + c4O04y.(P7)

0
0
0

which can be turned into the following matrix equation:

ley OQxy O3xy O4xy 2; 0
lez OQJ:Z O3xz O4xz (P7> Cs = 0
Olyz OQyz O3yz O4yz cs 0

So
Ol:py O2:py O3:py O4:py

ceker [ Ow. Oz Ospz Oupz | (Pr)
Olyz O2yz OByz O4yz

1
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and so we can take

OZ:cy O3:cy O4:cy
det Osz O3xz O4xz
OQyz OByz O4yz
lzy O3a:y O4a:y
—det Ola:z OSJJZ 04;1:2'
Olyz OByz O4yz
ley O2xy O4xy
det lez 02332 04332
Olyz OQyz O4yz
Olwy Owa O?)xy
—det lez O2xz OSJ}z
Olyz OQyz OByz

Olmy Ome O3my O4my
Then ¢ € ker | O1,. Oazpr Osee Oger | (Pr) because for example
Olyz OZyz O3yz O4yz

oL

l
—
S
\._/

Oy O3zy  Ouzy Ot1zy  Osay O4xy)
Orgydet | Oz Ospz Ouge | — Oggydet | O1pz Osge Oy
Osy. O3y Oy O1y. Oz Oyy:

Otzy O2zy Ougy Ot1zy Oaay OS:J:y)
+O0s4ydet | Oz O2z: Ougs | — Ougydet | Orze Ozpz Osg
O1y: Ogy. Oy, O1y: Oy, Oz,

Olzy OZmy OBwy O4wy
Olmy O2my O3my O4my
Orz: Osez Oz Ougz
Oryz Oaye Osye Ouye

The same applies to the other two rows.
So finally
(01 Oy O3 04) c

is an octic polynomial that vanishes with multiplicity 3 at Py, ..., Pr.
You can find a Desmos gadget illustrating this octic here, but be warned that it is very
slow to load.


https://www.desmos.com/calculator/sr8cokjtiw

