Jake Kettinger Determining Conics January 3, 2021

This will provide an explanation behind these Desmos demonstrations:
https://www.desmos.com/calculator/j7sw3ezr2h and
https://www.desmos.com/calculator/nkdgbhhyke.

First we have five points P, ..., Ps. Let P, = (a;,b;,¢;) for 1 < i < 5. First we will find
an automorphism of the plane A : P2 — P? such that

A<P1) = (1,0,0),
A(P2) = (0,1,0),
A<P3) = (07 0, 1)7
and A(P,) = (1,1,1)

My first step of this was to find a matrix that would just do the first three things. I got
(bacs — bsca) (ascy — ages)  (azbs — asby)

M = | (bicg — bzc1) (ascy — ajes) (arbs — agby)
(b102 — b2C1) (CLQCl — a102> (a1b2 — CZle)

To get a function that also sends Py to (1,1, 1), let us first define the functions

Los(w,y, 2) = (bacg — bscz)x + (ascy — azcs)y + (azbs — asbs)z,
Lis(z,y, 2) = (bics — bgcr)w + (ascr — arcs)y + (airbs — asby)z,
L12(95>ya Z) = (17102 - b201)$ + (G2C1 - 61162)y + (Glbz - Gle)Z-

In other words,
M(J}7 Y, Z) = (L23<x7 Y, Z)? L13(I7 Y, 2)7 ng(l‘, Y, Z))
Then define f = 1/Ly3(Py), g =1/L13(Py), and h = 1/L15(Py). Then

(bacg — bsca)f (asca — ages)f  (azbs — asbs) f
A= (blc3 —bsc1)g (@301 - G103)9 (Glbs —asby)g
(blCQ — bQCl) a9C1 — ang)h (a162 — agbl)h

(
Then A(Ps) = (Los(P5) f, L13(Ps)g, L12(Ps)h ) Now we will apply the quadratic transforma-
tion with base points at (1,0,0), (0,1,0), and (0,0, 1) (also called the Cremona transforma-
tion) ¢ : P? --» P? given by ¢(a, b, c) = (bc,ac, ab). Then ¢ preserves (1,1,1) and ¢ sends
A(P5) to

©(A(Ps)) = (L13(P5)L12(P5)gh, Lag(Ps) L12(Ps) fh, Lasg(Ps) L13(Ps) fg) -
Define

Q1 = La3(P5)L12(Ps) fh — Las(Ps)L13(Ps) fg
Q2 = Log(P5)L13(Ps) fg — Lis(Ps) L12(Ps)gh
Q3 = L13(P5)L12(P5)gh - L23(P5)L12(P5)fh-
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Then the line connecting (1,1, 1) and ¢(A(Ps)) is given by the polynomial Q1x + Qay + Q3z.
After applying ¢ again, we get a conic Q1yz + Qexz+ Q3xy that goes through p(p(A(Fs))) =
Ps, (1,1,1), (1,0,0), (0,1,0), and (0,0,1). Now all we need to do is apply A~! to this conic
and we get

Q1Lrs(x,y, 2)gLaia(x,y, 2)h + QaLas(,y, 2) fLia(x,y, 2)h + QsLos(x,y, 2) fLis(x,y, 2)g.

This is the conic that goes through P, ..., Ps.
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Now suppose we have four points Py, ..., P, and a line T'. We will show how to construct

the two conics that go through the four points and is tangent to 7T'.

7~

First let us first determine how to find the points on a conic C' whose line connecting to
(1,1, 1) is tangent to C. Let C be given by the expression qz?+rzy-+szz+ty* +uyz+vz>
and let P = (a,b,c) € C. Then the line tangent to C' at P is given by

(2ga + b+ sc)x + (ra + 2tb + uc)y + (sa + ub + 2vc)z.
For (1,1,1) to be on this line, (a,b, c) must satisfy
2¢+7r+s)a+ (r+2t+u)b+ (s+u+2v)c=aa+ b+ vyc=0.

In other words, P must be where the line L = ax + By + 7z intersects C'. There are
at most 2 such points. Let

§ = qv% — say + va?,
e = ry? — 5By — uary + 2vap,
¥ =172 — ufy +vB2

The the intersection with the line L and the conic C' occur at the solutions to dz2 +

exy+1y?. These solutions are (—e4+/e2 — 40v,25). To be on the line L = ax+SBy+z,
—a(—e £ /2~ 459) — B(20
we get z = a(=¢ c ¥) — A ) Thus our points are
v

(—’ye + v/ €2 — 46y, 276, —a (—8 4+ \/e2 — 45¢> = 255) )

N

Now let T' = ax + by + cz. Note

—a1/f ax/g —az/h
A= =bi/f bafg —bs/h
—ca/f cafg —c3/h

Then
A(T) :a(—ﬂva%y—%z) —i—b(—ﬁm—l—@y—@z) —i—c(—c—lx—l—%y—%z) :
/ g h / g h f g h
Then
ay as as by by bs c Ca
o(A(T)) =a (—?yz + gxz - Emy) +b (—?yz + §$Z - Exy) +c (—7yz + gxz —
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and so

q=0

aas bbs  cca
r=———-—-——-—

h h h
aas  bby  ceo

§=—4 —4+ —

g g g
t=20

aa; bbby coy
Uu=———-—=—-—

fr 7
v = 0.

Therefore

a=1+Ss
B=r+u
Yy=s+u
0 = —say
e =1ry: — 5Py —uay
¥ = —uBy.

With these equalities in mind, define

m = —7ye+y\Ve2 — 40y
= —ve —yVer — 40y
(=270

= —« (—5 +e? — 4(51/}) — 200
fo = —Q (—5 — \/m> —2Bd

o, = <—fyg + vV e2 — 46,270, —a <—8 +\e? — 45¢) - 255> = (m, ¢, 1)
o, = (—75 — v\ €2 — 461, 278, —av (—5 — /€2 — 451/1> — 255> = (n2,C, pa)-
Now we must connect ®; and ®, to (1,1,1) with the lines

Ly = (( = p)z + (1 —m)y + (m — ()2
Ly = (¢ — p2)z + (p2 = m2)y + (m2 — () 2.
Now we must apply the quadratic transformation ¢ to these lines to get

@(L1) = (¢ — pa)yz + (g1 — m)wz + (m — Q)zy
(L) = (¢ = p2)yz + (p2 — m2)x2 + (N2 — ¢y,
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These are conics that contain (1,0,0), (0,1,0), (0,0,1), and (1,1, 1) and are tangent to A(T").
Let us write

Ri=C—m
Ry =1 —m
Ry =m —¢
S1=C—p2
Sy = g — 12
Sz =1m2—C.

Now we must apply A~ to p(L;) and p(Ls) to get

C, = R1L13($7 Y, Z)9L12($7 Y, Z)h + R2L23($7 Y, Z)fLu(% Y, Z)h + R3L23($7 Y, Z)fL13(I> Y, z)g
Cy = S1Las(,y, 2)gLia(x,y, 2)h + SaLog(x,y, 2) fLi2(2, y, 2)h + SsLas(x,y, 2) fLis(x, y, 2)g.

These are the two conics that go through points Py, ..., P, and are tangent to the line 7T'.



