Jake Kettinger Order of Points and K+ 30 May 2023

Let X be an elliptic surface. Then X is isomorphic to P? blown up at nine (not necessarily
distinct) points Py, ..., Py in Cayley-Bacharach position (that is, h°(3( — P, —---— Py) = 2).
Let e; denote the exceptional divisor for P; and let K be the canonical divisor

—30+e +---+ e
Denote by K+ the group of divisors D on X satisfying D.K = 0. Note that

1
K :<€—€1—62—63,61—62,62—63,...768—69>.

Denote by (—2) the group generated by the effective (—2)-curves on X. Note that we have

(=2) < K+,
We know that the (—1)-curves on X are sections corresponding to linear combinations
of the nine base points P, ..., Py, and also that each (—1)-curve corresponds to an element

of the group K+/(-2).
From this information we can deduce the order of points on an elliptic curve F and
identify points of infinite order.

Example 1. Consider the pencil of cubics spanned by 2® — 22? and y* — yz2. This pencil
has four reducible fibers, two having three components and two having two components.
This gives us the following ten effective (—2)-curves.

® 6—61—62—63,€—€4—65—66,€—€7—68—69
o/ —e1—e5—eg,20 —ey —e3 — €4 — €5 — €7 — €3
o/ —e1—eyg—ep, L —eyg—e5—eg, L —e3—eg— eg

® 6—63—65—67,2€—€1—62—€4—€6—68—69

We can use Sage to show that K+/(—2) = Z x 7Z:
sage: G = span(zZ,[[1,-1,-1,-1,0,0,0,0,0,0],(0,1,-1,0,0,0,0,0,0,0],

(o,o0,1,-1,0,0,0,0,0,0J, (0,0,0,1,-1,0,0,0,0,0],[0,0,0,0,1,-1,0,0,0,0],

(o,0,0,0,0,1,-1,0,0,01, (0,0,0,0,0,0,1,-1,0,0],[0,0,0,0,0,0,0,1,-1,0],

(0,0,0,0,0,0,0,0,1, —1]])

sage: H = G. span([[l -1,-1,0,0,0,0,0,01,[1,0,0,0,-1,-1,-1,0,0,0],

(1,0,0,0,0,0,0,- 1] (+,-1,0,0,-1,0,0,-1,0,01,1,0,-1,0,0,-1,0,0,-1,0],
-1,0,0 1,0,-1,0,-1,0,0],

[1,0,0,- ,0,0, 1 O O -1]1,[1, ,0,-1,0,0,0 1] [1,0,0,-

(2,0,-1¢,-1,-1,0,-1,-1,-1,0J,[2,-1,-1,0,-1,0,-1,0,-1,-111)

sage: G / H

Finitely generated module V/W over Integer Ring with invariants (0, 0)
Therefore there are infinitely many sections in the elliptic surface given by this pencil,

and so the subgroup generated by P, ..., Py on any of the smooth fibers of the pencil under

the elliptic group law has infinite order. (Specifically, (P, ..., Py) = Z X 7Z.)



