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Let k be an algebraically closed field and let F' € k[xg,z1,...,x,] be a homogeneous
polynomial satisfying F'(1,0,...,0) = 0. Let V(F") be the corresponding variety. Let deg F' =
d.

We know that P=[1:0:---:0] € V(F) and so F has the form

F =2l Fy(xy,. .., x) + 282 Fy(ay, . an) + -+ 2o Fyy(zy, ..., 2p) + Fy(zy, ..., 2y)

with each F; homogeneous.
We wish to show that Y = (N, V(Fy) € P! parametrizes the set of lines ¢ satisfying

PelCV(F).

First let [ay : -+ : a,) € Y. Then we claim that the line connecting P and [1 : a1 : -+ : ay)
is contained in V(F'). Note that the line ¢ connecting P and [1 : a; : --- : a,] can be
parametrized by [u : tay : -« - : ta,] for [u: t] € Pi. Then note that

F(U,t&l, e 7tan) = udilFl(tala e 7tan) et UFd71<ta17 <. 7tan> + Fd(tab cee 7tan)
= ud_ltFl(al, . ,CLn) + -+ utd_le_l(al, . ,Cln) + tdFd(al, e ,(ln) =0

since Fj(ay,...,a,) = 0for all 1 <i <d. Thus every point on ¢ is in V(F') and so ¢ C V(F').

Also note that this correspondence is unique because different points in IP’Z_1 will corre-
spond to different lines in P} through P.

Now let us show the reverse direction. Let ¢ be a line in P} such that P € ¢ C V(F'). We
wish to show that ¢ corresponds to some point in Y C P*~ 1,

Let P#[1:ay:--:a,| € ¢. We wish to show that Fj(ai,...,a,) =0 forall 1 <i<d.
Since P,[1:ay:---: a,] € £, we know once again that ¢ can be parametrized by [u : t] € P}
as [u: tay : - : tay]. Since ¢ C V(F), we know that F(u,tay,...,ta,) =0 for all [u: t] € P}.
Thus

0= F(u,tay,... ta,) =u"""tF(ay,...,a,) + - +ut™ Fy(ay,... a,) +t"Fy(ay,. .., a,)
for all [u: t] € P;. This is clear when ¢t = 0. When ¢ # 0 we have
0= udilFl(al, coyan) oo+ uFyq(ay, ... a,) + Fyla, ..., a,) € klu].

This polynomial can only be 0 when all of the coefficients are 0. Thus we know that
Fi(ay,...,a,) =0 for all 1 <i < d. Therefore ¢ corresponds to [ay : -+ : a,] € Y.

Thus we have our conclusion that Y parametrizes the set of lines ¢ satisfying P € ¢ C
V(F). Thus note that when Y is empty, we know that no line going through P is contained
in V(F).



