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The canonical divisor K of P2 can be computed as div(df ∧ dg), where f and g are

rational functions on P2 in variables X, Y , and Z. Let f = x :=
X

Z
and let g = y :=

Y

Z
,

and ω = dx ∧ dy.
First we must compute

−ordP

(
dfP ∧ dgP
dx ∧ dy

)
,

where fP and gP generate mP (that is, fP and gP are linearly independent and ordP (fP ) =
ordP (gP ) = 1). Then

div(ω) =
∑
P∈P2

−ordP

(
dfP ∧ dgP
dx ∧ dy

)
.

First let P = (a, b, c) with c ̸= 0. Then we can take fP = cx− a and gP = cy − b. Then

−ordP

(
d(cx− a) ∧ d(cy − b)

dx ∧ dy

)
= −ordP

(
cdx ∧ cdy

dx ∧ dy

)
= −ordP (c

2) = 0.

Now let Q = (a, b, 0) be on the line Z = 0, with a ̸= 0. Then we can take fQ =
y

x
− b

a
and

gP =
1

x
=

Z

X
. (Note: we cannot take fQ or gQ to be bx − ay, because ordQ(bx − ay) = 0,

not 1. Recall bx− ay = bX−aY
Z

. Instead we have fQ = aY−bX
aX

.) Then

−ordQ

(
d
(
y
x
− b

a

)
∧ d
(
1
x

)
dx ∧ dy

)
= −ordQ

(
d
(
y
x

)
∧ d
(
1
x

)
dx ∧ dy

)

= −ordQ

(
(x−1dy − x−2ydx) ∧ −x−2dx

dx ∧ dy

)
= −ordQ

(
x−1dy ∧ x−2dx

dx ∧ dy

)
= −ordQ(−x−3)

= ordQ(x
3) = ordQ

(
X3

Z3

)
= −3.

Finally, let R be the point (0, 1, 0). Then we can take fR =
1

y
and gR =

x

y
. In the same kind

of computation as for Q, we find

−ordR

(
dfR ∧ dgR
dx ∧ dy

)
= −3.

Then we see that for P ∈ P2, we have

−ordP (ω) =

{
0 P /∈ V (Z)

−3 P ∈ V (Z)
.

Therefore K = div(ω) = −3L, where L is the line V (Z).
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